Published by Institute of Physics Publishing for SISSA/ISAS Received: May 31, 2002 Revised: July 23, 2002 Accepted: July 26, 2002

The one-loop functional of chiral SU(2)^∗

Rene Unterdorfer

Institut für Theoretische Physik, Universität Wien Boltzmanngasse 5, A-1090 Vienna, Austria E-mail: unterd@thp.univie.ac.at

Abstract: The one-loop functional for chiral SU(2) of Gasser and Leutwyler is extended to include up to three propagators. With this generating functional it is possible to calculate all amplitudes up to order ϕ^6 to next-to-leading order in the low-energy expansion. An external pion is of order ϕ and a vector gauge boson is of order ϕ^2. A check of the existing amplitudes for γγ → ππ is given. The one-loop amplitudes for four-pion production in e^+e^− annihilation are calculated.

Keywords: Spontaneous Symmetry Breaking, Chiral Lagrangians.

∗Work supported in part by a Facultas Research Fellowship of the Univ. of Vienna and by TMR, EC-Contract No. ERBFMRX-CT980169 (EURODAΦNE).

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep072002053 /jhep072002053 .pdf

Contents

1. Introduction 1

2. Matrix elements 2

3. Calculation of the generating functional 5

4. Applications 9

5. Conclusions 10

A. Constituent functions 10

B. One-loop integrals 11

1. Introduction

In the low-energy region it is not possible to calculate cross sections by means of perturbative QCD because of the high value of the strong coupling constant. One has to use an effective theory. The corresponding theory in this context is called chiral perturbation theory (CHPT) [1]–[4]. It incorporates all symmetries of QCD with the assumption of spontaneous breakdown of chiral symmetry (which is suggested by phenomenological and theoretical evidence [5]), but no other model dependent features. CHPT is nonperturbative in the sense that it is not an expansion in powers of the QCD coupling constant, but an expansion in powers of the external momenta.

For a theory with a spontaneously broken symmetry the Goldstone theorem [6] predicts the existence of massless particles, called Goldstone bosons. In case of CHPT these bosons are not massless because the chiral symmetry is not an exact symmetry, as the quarks have masses. The pions are the by far lightest pseudoscalar mesons and therefore they are identified as the Goldstone bosons of broken chiral SU(2). In CHPT the asymptotic states are not quarks, but pions (or in general pseudoscalar mesons). A spontaneously broken symmetry corresponds to a nonlinear realization a la Nambu-Goldstone [7].

In the calculation of amplitudes one has to include loops to increase the precision and to satisfy unitarity and analyticity [1]. CHPT is not renormalizable in the sense that each loop in the perturbation expansion produces ultraviolet divergences, which have to be renormalized with the help of counterterms of the appropriate order in the external momenta. The finite parts of the coupling constants occurring in the counterterms are not determined by chiral symmetry and must be obtained from experiment or calculated using resonance exchange or other assumptions. Each successive loop and the associated counterterms correspond to successively higher powers of momenta. The higher loops are expected to give only small corrections at appropriately low energies.

– 1 –

Gasser and Leutwyler have calculated the generating one-loop functional of chiral SU(2) including two propagators in the loop [2]. With this functional one can obtain all amplitudes with at most four external particles, where an external photon counts as two particles. In this article the functional is extended by including a third propagator. This extension makes it easy to analyse processes with up to six external particles. In the whole work equal masses for the two lightest quarks are assumed.

The main purpose of calculations in the framework of pure CHPT is to analyse physics and to investigate QCD in a region (E ≪ 1 GeV) where a perturbative treatment is not possible. CHPT was used successfully to study the low-energy structure of, e.g., ππ scattering [8] or of the pion form factor [9]. There are also important processes with more external particles. One example for an interesting process with six external particles is the scattering e^+e^− → 4π, which is analysed in section 4. It is an important cross section for determining the hadronic contribution to the anomalous magnetic moment of the muon and to the fine-structure constant at M_Z .

In section 2 a calculation method with external fields [2] is introduced. The generating functional is given in section 3. The amplitudes of the two channels of γγ → ππ [10, 11, 12] and the one-loop amplitudes of the processes e^+e^− → π^0π^0π^+π^− and e^+e^− → 2π^+2π^− are presented in section 4. Finally, section 5 contains some conclusions.

2. Matrix elements

The lagrangian of massless QCD does not include any terms which connect the right- and left-handed components of the quark fields

q_R = 1 2 (1 + γ_5)q , q_L = 1 2 (1 − γ_5)q . (2.1)

Thus, the lagrangian is invariant under chiral rotations, i.e. under two independent U(N_f ) transformations (flavour rotations) of the right- and left-handed quark fields.^1 In case of two flavours the Noether currents associated with chiral symmetry are given by:

J^{μ0}_I = q_I γ^μq_I , J^{μa}_I = q_I γ^μ τ_a 2 q_I , I = L, R . (2.2)

The axial and vector currents are defined through the following relations:

V^{μa} = J^{μa}_R + J^{μa}_L vector current, (2.3)

A^{μa} = J^{μa}_R − J^{μa}_L axial current. (2.4)

Because of Lorentz invariance and isospin symmetry there is the following relation: ⟨ 0|A^λ_a (x)|π_b(p) ⟩ = i p^λδ_{ab}F e^{−i p·x} . (2.5)

1The flavour symmetry of massless QCD should not be mixed up with the still existing colour gauge symmetry.

– 2 –

Since chiral symmetry is spontaneously broken the Goldstone theorem insures that the constant F , which is related to the physical pion decay constant F_π =92.4 GeV through

F_π = F (1 + O(m_{quark})) , (2.6)

is not zero. As a consequence the axial current, or the divergence of the axial current, plays the role of an interpolating field for the pion.

An external photon couples to the vector current. For example, the matrix element of the scattering γ^∗ → 4π is proportional to the on-shell residue of the corresponding singularity in the Green function ⟨ 0|T V^μ_n (x_1)A^ν_o (x_2)A^λ_p (x_3)A^ρ_q (x_4)A^σ_r (x_5)|0 ⟩ . (2.7)

To get such matrix elements one can use the method of external fields [2], which is equivalent to the method of external currents introduced by Schwinger [13]. Extra terms are added to the QCD lagrangian: L_{QCD} = q iγ_μ∇^μq − 1 2 tr_cF_{μν} F^{μν} + V_{μn}v^μ_n + A_{μn}a^μ_n − S_ns_n + P_np_n . (2.8)

∇^μ is the SU(3)_C -covariant derivative. The external fields v_μ, a_μ, and p are set to zero at the end of the calculation. The scalar field s is set equal to the quark mass matrix to give masses to the light quarks, which amounts to explicit symmetry breaking. S_n and P_n are the scalar and pseudoscalar currents:

S_0 = q̄q , S_i = q̄τ_iq for i = 1, 2, 3 , P_0 = i q̄γ_5q , P_i = i q̄γ_5τ_iq for i = 1, 2, 3 . (2.9)

By adding those terms in eq. (2.8), the global chiral symmetry of the lagrangian is promoted to a local symmetry with the appropriate gauge transformation [2]. The external field method allows the calculation of Green functions like (2.7) in an easy way. The generating functional of the Green functions is of the form: W [v, a, s, p] .= ⟨ 0|Te^i ∫ d^4x V_{μn}(x)v^μ_n (x)+A_{μn}(x)a^μ_n(x)−S_n(x)s_n(x)+P_n(x)p_n(x)|0 ⟩ . (2.10)

One gets the Green functions by functional differentiation with respect to external fields, for example: δ^3 i W [v, a, s, p] i^3δa^λ_p (x_1)δa^ρ_q (x_2)δv^μ_r (x_3) | | | v=0,a=0 s=M,p=0 = ⟨0|T A_{λp}(x_1)A_{ρq}(x_2)V_{μr}(x_3)|0⟩ . (2.11)

The external fields can be interpreted as fields of external particles:

v^μ + a^μ = −e QA^μ , (2.12) v^μ − a^μ = −e QA^μ − e √ 2 sin θ_W

(W^{μ+} T_+ + h.c.) . (2.13)

A^μ is the photon field, W^{μ+} the W-boson field, Q the charge matrix and T_+ contains the relevant elements of the Kobayashi-Maskawa matrix.

– 3 –

Because of the large value of the strong coupling constant in the low-energy region it is not possible to calculate the generating functional by means of perturbative QCD. So one has to use an effective lagrangian that includes all possible terms built out of the matrix U(ϕ) (which contains the pion fields) and the external fields that respect all existing symmetries, namely chiral symmetry, Lorentz invariance, charge conjugation and parity. The corresponding lagrangians given by Gasser and Leutwyler [2, 3] are the foundation of CHPT. In case of SU(2) and up to order p^4 (p stands for the external momenta) one has:

L_2 =

F^2 4 ⟨ D_μU^†D^μU + χ^†U + χU^† ⟩ , (2.14)

L_4 = 1 4 l_1 ⟨ D_μU^†D^μU ⟩_2 + 1 4 l_2 ⟨ D_μU^†D_ν U ⟩ ⟨ D^μU^†D^ν U ⟩ + + 1 16 l_3 ⟨ χ^†U + χU^† ⟩_2 + 1 4 l_4 ⟨ D_μU^†D^μχ + D_μUD^μχ^† ⟩ + + l_5 ⟨ U^†F^R_{μν} UF^{Lμν} ⟩ + i 4 l_6 ⟨ F^R_{μν} [D^μU, D^ν U^†] + F^L_{μν} [ D^μU^†, D^ν U ]⟩ − − 1 16 l_7 ⟨ χ^†U − χU^† ⟩_2 + 1 4 h_1 ⟨ χχ^† + 1 2 (χχ̃ − χ^†χ̃^†) ⟩ − − ( 2h_2 + l_5 2 ) ⟨ F^R_{μν} F^{μνR} + F^L_{μν} F^{μνL} ⟩ + 1 4 h_3 ⟨ χχ^† − 1 2 ( χχ̃ − χ^†χ̃^† )⟩ . (2.15)

There are different possible parametrizations of U(ϕ), which all lead to the same on-shell amplitudes. A convenient choice is the exponential parametrization

U(ϕ) = exp ( iϕ F ) , ϕ = τ_aϕ_a = ( π^0 √ 2 π^+ √ 2 π^− −π^0 ) . (2.16)

The use of the covariant derivative

D_μU = ∂_μU − i r_μ U + i U l_μ , r_μ = v_μ + a_μ , l_μ = v_μ − a_μ (2.17)

is a consequence of adding the extra terms in eq. (2.8). The effective lagrangians (2.14), (2.15) have the same local chiral symmetry as the extended QCD lagrangian in (2.8). χ and χ̃ are defined as follows:

χ = 2B(s + i p) , (2.18) χ̃ = τ_2 χ^T τ_2 . (2.19)

F , B and the l_i are coupling constants. The Gell-Mann-Oakes-Renner relation, which can also be derived by CHPT, yields:

F^2M^2 = −2m̂⟨0|ūu|0⟩ , where m̂ =

(m_u + m_d) 2 . (2.20)

At a scale μ_{MS} = 1 GeV, ⟨0|ūu|0⟩ is approximately equal to −(230 GeV)^3. Thus, m̂ is assumed to be of order M^2:

O(m̂) = O(M^2) = O(p^2) . (2.21)

– 4 –

3. Calculation of the generating functional

CHPT can be defined via the path integral W [v, a, s, p] .= N^{−1} ∫ dμ[U] e^i ∫ d^dx L_{eff} (v,a,s,p) . (3.1) The calculation is done in d dimensions so that dimensional regularisation can be used.

It can be shown that the loop expansion is an expansion in Planck’s constant or in other words an expansion around the solution of the classical equation of motion Ū = ū^2. The matrix U is expanded with the help of a traceless hermitean matrix ξ:

U = u^2 = ū ei^ξ ū . (3.2)

To the desired O(p^4), the loop integration must only be performed over the lagrangian of O(p^2).

W = N^{−1}e^i ∫ d^dxL_4(Ū) ∫ dμ[ξ]e^i ∫ d^dxL_2(U) + · · · . (3.3)

dμ[ξ] is the functional measure for the matrix field ξ. Planck’s constant is set equal to 1.

The lagrangian is now expanded in ξ: ∫ d^dx L_2(U) = S_2[Ū ] + 1 4 F^2 ∫ d^dx ⟨ D^μ ( ū^†ξū^† ) D_μ (ūξū) − 1 2 D^μŪ^†D_μ ( ūξ^2ū ) − − 1 2 D^μŪD_μ ( ū^†ξ^2ū^† ) − 1 2 ξ^2 ( ūχ^†ū + ū^†χū^† )⟩ + + O ( ξ^3 ) . (3.4)

One has to consider the terms quadratic in ξ for the one-loop calculation. S_2[Ū] is the classical action to order p^2. With the definitions y_μ .= 1 2 ū^†D_μŪū^† = − 1 2 ūD_μŪ^†ū , (3.5)

Γ_μ .= 1 2 [ ū^†, ∂_μū ] − 1 2 iū^†r_μū − 1 2 iūl_μū^† , (3.6) σ .= 1 2 ( ūχ^†ū + ū^†χū^† ) , (3.7)

Γ̂^{μ ab} .= −1 2 ⟨[ τ^a, τ^b ] Γ^μ ⟩ , (3.8) σ̂^{ab} .= 1 2 ⟨ [τ^a, y_μ] [ τ^b, y^μ ]⟩ + 1 4 ⟨{ τ^a, τ^b } σ ⟩ , (3.9)

the generating functional of O(p^4) has the form

W_4 = e^{i(S2[Ū]+S4[Ū])}N^{−1} ∫ dμ[ξ]e^{−i F 22} ∫ d^dxξ^a(x)D^{ab}(x)ξ^b(x) . (3.10)

The operator D is D = 1□ + {Γ̂^μ, ∂_μ} + Γ̂^μΓ̂_μ + σ̂ . (3.11)

– 5 –

The factor N is the one-loop integral with D replaced by D_0

D^{ab}_0 = δ^{ab}□ + 1 2 B ⟨{ τ^a, τ^b } M ⟩ , (3.12)

where M is the quark mass matrix m̂1. With use of the gaussian formula ∫ d^dv e^{− 12 vT Av} = (2π)^{d2} (det A)^{− 12} (3.13)

one gets

W_4 = e^{i(S2+S4)} ( det D D_0

)_− 1_2 . (3.14)

It is well known that one can define a generating functional Z of all connected Green functions:

Z .= −i ln W , (3.15)

Z_4 = S_2 + S_4 + i 2 ln det D D_0

. (3.16)

With the identity ln det = Tr ln we have:

Z_4 = S_2 + S_4 + i 2 Tr ln D D_0 Z_{one-loop}

. (3.17)

In the further calculation the operator D is split into two parts:

D = D_0 + δ . (3.18)

With the quantity σ̄ defined via σ̄ .= σ̂ − 2Bm̂1 , (3.19)

δ is of the form δ = {Γ̂^μ, ∂_μ} + Γ̂^μΓ̂_μ + σ̄ . (3.20)

The one-loop functional can be rewritten as

Z_{one-loop} = i 2 Tr ln

D_0 + δ

D_0 = i 2 Tr ln ( 1 + δD^{−1}_0 ) = i 2 Tr ln(1 − δΔ) . (3.21)

The Feynman propagator is the inverse of −D_0. The logarithm is expanded as

ln(1 + x) = ∞∑ n=1 (−1)^{n−1} x^n n . (3.22)

Gasser and Leutwyler have calculated the functional with at most two propagators in the loop [2]. In this work I extend it by including a third propagator. The functional is then of the form

Z_{one-loop} = − 1 2 i Tr(δΔ) − 1 4 i Tr(δΔδΔ) − 1 6 i Tr(δΔδΔδΔ) + O(ϕ^8) . (3.23)

– 6 –

This means the functional is of order ϕ^6 as there are at least two external pions on each vertex in the loop. The photon field can couple to a loop vertex without external pions and is therefore counted as order ϕ^2.

The loop integrals contain the functions A, B which have divergent parts that are proportional to a quantity Λ(μ):

Λ(μ) = μ^{d−4} (4π)^2 ( 1 d − 4 − 1 2 (ln(4π) + Γ^′(1) + 1) ) , (3.24)

A(M^2) = −

M^2 (4π)^2 ln M^2 μ^2

− 2M^2Λ , (3.25)

B(p^2, M^2) = B̄(p^2, M^2) + B(0, M^2) , (3.26)

B(0, M^2) = − 1 (4π)^2 ( 1 + ln

M^2 μ^2 ) − 2Λ . (3.27)

The quantity μ is an arbitrary scale with the dimension of mass. With Γ̂^{μν} = ∂^μΓ̂^ν − ∂^νΓ̂^μ + [Γ̂^μ, Γ̂^ν ] (3.28)

the one-loop functional has the following divergence structure [2, 3]:

Z^{div}_{one-loop} = − Λ̂ 12 Tr(Γ̂^{μν}Γ̂_{μν} ) − Λ̂ 2 Tr(σ̂σ̂) , (3.29)

Λ̂ = Λ(μ) + 1 32π^2 ln M^2 μ^2

, (3.30)

Tr(Γ̂^{μν}Γ̂_{μν} ) = − 1 2 ⟨ D_μŪ^†D^μŪ

⟩_2 + 1 2 ⟨ D_μŪ^†D_νŪ ⟩ ⟨ D^μŪ^†D^νŪ ⟩ − − 2 ⟨ Ū^†F^R_{μν}ŪF^{Lμν} ⟩ − − i ⟨ F^R_{μν} [D^μŪ, D^νŪ^†] + F^L_{μν} [D^μŪ^†, D^νŪ] ⟩ − − ⟨ F^R_{μν} F^{μνR} + F^L_{μν} F^{μνL} ⟩ , (3.31)

Tr(σ̂σ̂) = 1 4 ⟨ D_μŪ^†D^μŪ

⟩_2 + 1 4 ⟨ D_μŪ^†D_νŪ ⟩ ⟨ D^μŪ^†D^νŪ ⟩ + (3.32) + 1 2 ⟨ D_μŪ^†D^μŪ ⟩ ⟨ χ^†Ū + χŪ^† ⟩ + 3 16 ⟨ χ^†Ū + χŪ^† ⟩_2 , ⟨ D_μŪ^†D^μŪ ⟩⟨ χ^†Ū + χŪ^† ⟩ = 2 ⟨ D_μŪ^†D^μχ + D_μŪD^μχ^† ⟩ + + 2 ⟨ χχ^† + 1 2 (χχ̃ − χ^†χ̃^†) ⟩ − 1 2 ⟨ χ^†Ū + χŪ^† ⟩_2 . (3.33)

The divergences can be eliminated by a renormalization of the coupling constants:

l_i = l̃_i + γ_iΛ̂ , h_i = h̃_i + δ_iΛ̂ . (3.34)

The finite quantities l̃_i and h̃_i as well as the divergent Λ̂ are scale independent. To absorb the divergences of the loops, the γ_i and δ_i take the following values [2]:

γ_1 = 1 3 , γ_2 = 2 3 , γ_3 = − 1 2 , γ_4 = 2 , γ_5 = − 1 6 , γ_6 = − 1 3 , γ_7 = 0 , δ_1 = 2 , δ_2 = 1 12 , δ_3 = 0 . (3.35)

– 7 – p p p^a

p_b p_{a − pb}

Figure 1: Definition of external momenta.

The renormalization scheme amounts to the following replacements: l_i → l̃_i , h_i → h̃_i , A → 0 , B(p^2) → B̄(p^2) − 1 (4π)^2

. (3.36)

All in all we have the renormalized one-loop functional Z_4[U, a, v, s, p] = ∫ d^4x (L_2 + L^{ren}_4 ) + ∫ d^4x d^4y d^4p (2π)^4 e^{−ip(x−y)} × × ( F^{μν}_1 (p) Sp ( Γ̂^μ(x)Γ̂^ν (y) ) + + F_2(p) Sp (σ̄(x)σ̄(y)) + F^{μν}_3 (p) Sp ( Γ̂^μ(x)Γ̂^ν (x)σ̄(y) )) + + ∫ d^4x d^4y d^4z d^4p_a (2π)^4 d^4p_b (2π)^4 e^{ipa(z−x)}e^{ipb(y−z)} × × ( F^{μνλ}_4 (p_a, p_b) Sp (Γ̂^μ(x)Γ̂^ν (y)Γ̂^λ(z)) + F^{μν}_5 (p_a, p_b) Sp (Γ̂^μ(x)Γ̂^ν (y)σ̄(z))

+ F^μ_6 (p_a, p_b) Sp (σ̄(x)σ̄(y)Γ̂^μ(z)) + F_7(p_a, p_b) Sp (σ̄(x)σ̄(y)σ̄(z)) ) . (3.37)

L^{ren}_4 is the lagrangian of eq. (2.15) with the l_i and h_i replaced by the l̃_i and h̃_i. The scale dependence of the renormalized O(p^4)-coupling constants has cancelled the chiral logs of the loops. So everything is scale independent as it should be. The constituent functions F^{μν}_1 , . . . , F_7 can be found in appendix A. Sp denotes the trace in the space of the 3×3 matrices in the adjoint representation. The external momenta flow as shown in figure 1.

The loop part is of order p^4 as one can see by dimensional considerations [1]. With L_2 and L_4 containing all possible terms respecting the symmetries of QCD, Z_4 is the complete generating functional of O(p^4) for Green functions of quark currents. In the context of SU(2) × SU(2) there is no anomalous part in the generating functional.

– 8 –

4. Applications

In case of pions and photons one can use the following recipe to extract the scattering amplitudes from the generating functional [14]:

• Expand all quantities which contain the matrices Ū(ϕ) or ū(ϕ) in the pion fields.

• Replace the external fields χ by M, a_μ by zero and v_μ by −e QA_μ (Q is the quark mass matrix, A_μ is the photon field).

• Perform functional differentiation with respect to the external pion and photon fields. This method is equivalent to the method described in section 2 because the pion matrix is determined by the equation of motion in the following way ϕ = (□ + M^2)^{−1}F ∂_μa^μ + · · · , (4.1) and only pole contributions are relevant for scattering amplitudes.

As a check I have recalculated the amplitudes for the processes γγ → π^+π^− and γγ → π^0π^0. After putting in the expressions for F^{μν}_3 and F^{μν}_5 (that appear in this case) I agree with the results of [10, 11, 12].

An important process with six external particles is the scattering e^+e^− → 4π (four-pion production). The two possible channels are analyed in [15], where the phenomenologically dominant tree and resonance amplitudes for this process are presented. In eq. (4.3) I give the basic part of the one-loop amplitude for the scattering γ^∗(q) → π^0(p_1)π^0(p_2)π^+(p_3)π^−(p_4) (4.2) from which the complete one-loop amplitude can be derived by use of C invariance and Bose symmetry [15].

F^4_π A^μ_{(4)loop}(p_1, p_2, p_3, p_4) = 2 ( 3 M^2_π + q^2 − 3 s − 2 t_3 ) p_{3ν} F_1^{νμ}(q^2) 3 (2 t_3 − q^2) + + ( p_3^μ 2 t_3 − q^2 ) {[ (p_{1ρ} − p_{3ρ} + q_ρ) p_{2ν} − (p_{1ρ} − p_{3ρ} + q_ρ) p_{4ν} ] F_1^{ρν} (q − p_1 − p_3) + + [ p_{1ρ} (p_{2ν} − p_{3ν} + q_ν) − p_{4ρ} (p_{2ν} − p_{3ν} + q_ν ) ] F_1^{ρν} (p_1 + p_4) + + 2 [( 3 M^4_π + 4 M^2_π (−t_4 + p_3 · p_4) + 4 p_1 · p_2 ( M^2_π − t_4 + p_3 · p_4 )) × × F_2(p_1 + p_2) + 4 p_1 · p_4 (−t_2 + p_2 · p_3) F_2(−p_1 − p_4) ]}

− p_{3ν} F_1^{μν} (q) 6 − p_{3ν} F_1^{μν} (p_1 + p_3) − p_{1ν} F_1^{μν} (p_1 + p_4) −

− 4 [^(M^2_π + p1 · p2^) p3^μ F2(p1 + p2) + p1 · p3 p2^μ F2(p1 + p3)] −

−p_2 · p_4 (p_{1ν} − p_{3ν} ) F_3^{μν} (q − p_1 − p_3) − ( M^2_π + 2 p_1 · p_2 ) p_{3ν} F_3^{μν} (q − p_3 − p_4) − − 3 i 4 (p_{1ν} p_{2λ} − p_{3ν} p_{2λ} − p_{1ν} p_{4λ} + p_{3ν} p_{4λ}) F_4^{μνλ}(q, p_1 + p_3) −

− p_2 · p_4 (p_{1ν} − p_{3ν} ) F_5^{μν} (q, p_1 + p_3) − ( M^2_π + 2 p_1 · p_2 ) p_{3ν} F_5^{μν} (q, p_3 + p_4) − − i p_1 · p_3 p_2 · p_4 F_6^μ(−p_1 − p_3, p_2 + p_4) . (4.3) s = (p_1 + p_2)^2 , t_i = p_i · q (i = 1, . . . , 4) . (4.4)

– 9 –

I have dropped terms proportional to q^μ because they cannot contribute to the differential cross section of electroproduction. One can recover them with the help of current conservation. The cross sections for four-pion production and any other details can be found in [15].

5. Conclusions

Chiral perturbation theory is the low-energy effective quantum field theory of QCD. It is characterized by chiral symmetry, by the identification of the lightest mesons as Goldstone bosons associated with the spontaneous breaking of the chiral symmetry and by explicit breaking of chiral symmetry via the masses of the light quarks. To parametrize the breaking terms induced by the quark masses, and also to generate in a systematic way the Green functions of quark currents, it is convenient to insert appropriate sources in the lagrangian that promote the global chiral symmetry to a local symmetry.

One has to include loops to satisfy unitarity and to increase the precision. The loop expansion is an expansion in Planck’s constant, i.e an expansion around the solution of the classical equation of motion. The divergences coming from the loops have to be renormalized by counterterms of the corresponding order in the external momenta.

I gave a compact expression for the generating one-loop functional of chiral SU(2) in the isospin limit with at most three propagators in the loop. With this functional one can easily get all possible amplitudes up to order ϕ^6, where an external pion is of order ϕ and a vector gauge boson is of order ϕ^2.

With the help of the generating functional I calculated the processes e^+e^− → π^0π^0π^+π^− and e^+e^− → 2π^+2π^− that are relevant for the hadronic contribution to the anomalous magnetic moment of the muon and to the fine-structure constant at M_Z . Apart from that I confirmed the existing results for γγ → π^0π^0 and γγ → π^+π^− [10, 11, 12]. Other processes that can be calculated with the functional would be, for example, γ^∗ → ππγ or ππ → ππππ. The corresponding calculation of the generating functional for the symmetry group SU(3) × SU(3) (which allows also K, η to occur as external particles) including the nonleptonic weak interactions [18] is under way.

Acknowledgments

I thank G. Ecker for supporting me in my work and H. Bijnens for useful informations.

A. Constituent functions

The constituent functions of the one-loop functional are of the following form:

F^{μν}_1 (p) = p^μp^ν a(p^2) + g^{μν} b(p^2) ,

F_2(p) = 1 4 B(p^2) ,

– 10 –

F^{μν}_3 (p) = 1 2 g^{μν} B(p^2) , F^{μνλ}_4 (p_a, p_b) = i ( c_ap^μ_a p^ν_ap^λ_a + c_bp^μ_b p^ν_b p^λ_b + d_ap^μ_a p^ν_ap^λ_b + + e_ap^μ_a p^ν_b p^λ_a + f_ap^μ_b p^ν_ap^λ_a + d_bp^μ_b p^ν_b p^λ_a + f_bp^μ_b p^ν_ap^λ_b + + e_bp^μ_a p^ν_b p^λ_b + g_ap^μ_a g^{νλ} + h_ap^ν_ag^{μλ} + i_ap^λ_a g^{μν} + + h_bp^μ_b g^{νλ} + g_bp^ν_b g^{μλ} + i_bp^λ_b g^{μν} ) , F^{μν}_5 (p_a, p_b) = j_ag^{μν} + k_ap^μ_a p^ν_a + k_bp^μ_b p^ν_b + +l_ap^μ_a p^ν_b + m_ap^μ_b p^ν_a , F^μ_6 (p_a, p_b) = i (n_ap^μ_a + n_bp^μ_b ) , F_7(p_a, p_b) = 1 6 C , (A.1)

with for example

c_a = c(p^2_a, p^2_b , p_a · p_b) and c_b = c(p^2_b , p^2_a, p_a · p_b) , (A.2)

where

a(p^2) =

B(p^2) − 4 B_{22}(p^2) 4 , b(p^2) = −B_{20}(p^2) ,

c_a =

C_{11 a} − 4 C_{22 a} + 4 C_{33 a} 3 , d_a =

C_{11 a} − 2 C_{22 a} − 2 C̃_{22} + 4 C̃_{33 a} 3 , e_a =

−C/2 + 2 C_{11 a} + C_{11 b} − 2 C_{22 a} − 4 C̃_{22} + 4 C̃_{33 a} 3 ,

f_a = −2 ( C̃_{22} − 2 C̃_{33 a} ) 3 , g_a =

−2 (C_{20} − 2 C_{31 a}) 3 , h_a =

4 C_{31 a} 3 , i_a =

−2 (C_{20} − 2 C_{31 a}) 3 , j_a = −2 C_{20} , k_a = C_{11 a} − 2 C_{22 a} ,

l_a = − C 2 + C_{11 a} + C_{11 b} − 2 C̃_{22} , m_a = −2 C̃_{22} , n_a = C 2 − 2 C_{11 a} . (A.3)

The B and C functions can be found in App. B.

B. One-loop integrals The functions B, B_{ij}, C and C_{ij} are defined through the following relations [19, 20, 21] (C_F is the Feynman integration contour): {X} .= 1 i ∫ C_F d^dk (2π)^d X (k^2 − M^2)((k − p)^2 − M^2)

, (B.1)

B(p^2) = {1} , (B.2) {k_μk_ν } = g_{μν} B_{20}(p^2) + p_μp_ν B_{22}(p^2) , (B.3) {{X}} .= 1 i ∫ C_F d^dk (2π)^d X (k^2 − M^2)((k − p_a)^2 − M^2)((k − p_b)^2 − M^2)

, (B.4)

– 11 –

{{k_μ}} = p_{aμ} C_{11a} + p_{bμ} C_{11b} , (B.5) C = {{1}} , (B.6) {{k_μk_ν }} = g_{μν} C_{20} + p_{aμ}p_{aν} C_{22a} + p_{bμ}p_{bν} C_{22b} + (p_{aμ}p_{bν} + p_{bμ}p_{aν} ) C̃_{22} , (B.7) {{k_μk_ν k_λ}} = p_{aμ}p_{aν} p_{aλ} C_{33a} + p_{bμ}p_{bν} p_{bλ} C_{33b} + + (p_{aμ}p_{aν} p_{bλ} + p_{aμ}p_{bν} p_{aλ} + p_{bμ}p_{aν} p_{aλ}) C̃_{33a} + + (p_{bμ}p_{bν} p_{aλ} + p_{bμ}p_{aν} p_{bλ} + p_{aμ}p_{bν} p_{bλ}) C̃_{33b} + + (p_{aμ}g_{νλ} + p_{aν} g_{μλ} + p_{aλ}g_{μν} ) C_{31a} + + (p_{bμ}g_{νλ} + p_{bν} g_{μλ} + p_{bλ}g_{μν} ) C_{31b} , (B.8)

with C_{ij a} = C_{ij} (p^2_a, p^2_b , p_a · p_b), C_{ij b} = C_{ij} (p^2_b , p^2_a, p_a · p_b) and C_{ij} = C_{ij a} = C_{ij b}. The explicit form of the functions is

A(M^2) = M^2 ( B(0, M^2) + 1 16π^2 ) , (B.9)

B(p^2, M^2) = B̄(p^2, M^2) + B(0, M^2) ,

B̄(p^2, M^2) = 1 16π^2 √ 1 − 4(M^2 − i ϵ) p^2 ln √ 1 −^{4(M 2−i ϵ)}_{p2} − 1 √ 1 −^{4(M 2−i ϵ)}_{p2} + 1 + 2 , (B.10)

C(p^2_a, p^2_b , p_a · p_b, M^2) = − 1 16π^2 √ λ 3∑ i=1 ∑ σ=± ( Li_2 ( x_i x_i − z^σ_i ) − Li_2 ( x_i − 1 x_i − z^σ_i )) , λ = 4 ( (p_a · p_b)^2 − p^2_ap^2_b ) , p^2_D = p^2_a − 2p_a · p_b + p^2_b ,

x_1 = 1 2 ( 1 + p^2_a − p^2_b − p^2_D √ λ ) , z^σ_1 = 1 2 ( 1 ± √ 1 − 4 p^2_a

(M^2 − i ϵ) ) . (B.11)

The quantities x_2, z^σ_2 are obtained by the interchange p^2_a ↔ p^2_D and x_3, z^σ_3 by the interchange p^2_a ↔ p^2_b . Li_2 denotes the dilogarithm

Li_2(z) = − ∫_z 0 dt t ln(1 − t) . (B.12)

The coefficients functions are of the form

B_{20}(p^2) =

6 M^2 − p^2 + 48 π^2 A + 24 π^2 ( 4 M^2 − p^2 ) B(p^2) 288 π^2 , B_{22}(p^2) =

−6 M^2 + p^2 + 96 π^2 A − 96 π^2 ( M^2 − p^2 ) B(p^2) 288 p^2 π^2

. (B.13)

In the following B(1) is defined as B(p^2_b ) and B(2) as B(p^2_a − 2 p_a · p_b + p^2_b ). The same is valid for B_{20} and B_{22}.

C_{11 a} =

H_{11 a} p_b^2 − H_{11 b} p_a · p_b p_a^2 p_b^2 − (p_a · p_b)^2

, (B.14)

– 12 –

C_{20} =

2 C M^2 +^1_{16 π2} + B(2) − C_{11 a} p_a^2 − C_{11 b} p_b^2 4 , C_{22 a} =

H_{21 a} p_b^2 − H_{22 b} p_a · p_b

p_a^2 p_b^2 − (p_a · p_b)^2

, C̃_{22} =

H_{22 b} p_a^2 − H_{21 a} p_a · p_b p_a^2 p_b^2 − (p_a · p_b)^2 , C_{33 a} =

H_{31 a} p_b^2 − H_{32 b} p_a · p_b

p_a^2 p_b^2 − (p_a · p_b)^2

, C̃_{33 a} =

H_{32 b} p_a^2 − H_{31 a} p_a · p_b p_a^2 p_b^2 − (p_a · p_b)^2 , C_{31 a} =

H_{30 a} p_b^2 − H_{30 b} p_a · p_b

p_a^2 p_b^2 − (p_a · p_b)^2 , H_{11 a} =

−B(1) + B(2) + C p_a^2 2 , H_{21 a} = −C_{20} +

B(2)/2 + C_{11 a} p_a^2 2 , H_{22 a} =

[−B(1) + B(2)]/2 + C_{11 b} p_a^2 2 , H_{30 a} =

C_{20} p_a^2 − B_{20}(1) + B_{20}(2) 2 , H_{31 a} = −2 C_{31 a} + p_a^2 C_{22 a} + B_{22}(2) 2 , H_{32 a} = p_a^2 C_{22 b} − B_{22}(1) + B_{22}(2) 2 . The divergent functions need to be renormalized as described in section 3.

References

[1] S. Weinberg, Phenomenological lagrangians, Physica 96A (1979) 327 [2] J. Gasser and H. Leutwyler, Chiral perturbation theory to one loop, Ann. Phys. (NY) 158 (1984) 142.

[3] J. Gasser and H. Leutwyler, Chiral perturbation theory: expansions in the mass of the strange quark, Nucl. Phys. B 250 (1985) 465.

[4] H. Leutwyler, On the foundations of chiral perturbation theory, Ann. Phys. (NY) 235 (1994) 165.

[5] G. Ecker, Chiral perturbation theory, in Quantitative particle physics, Cargèse 1992, M. Lévy et al. eds. Plenum, New York, 1993.

[6] J. Goldstone, Field theories with ‘superconductor’ solutions, Nuovo Cim. 19 (1961) 154;

J. Goldstone, A. Salam and S. Weinberg, Broken symmetries, Phys. Rev. 127 (1962) 965. [7] S. Coleman, J. Wess and B. Zumino, Structure of phenomenological lagrangians 1, Phys. Rev.

177 (1969) 2239;

C. Callan, S. Coleman, J. Wess and B. Zumino, Structure of phenomenological lagrangians 2, Phys. Rev. 177 (1969) 2247.

[8] G. Colangelo, J. Gasser and H. Leutwyler, ππ scattering, Nucl. Phys. B 603 (2001) 125 [hep-ph/0103088].

[9] J. Bijnens and P. Talavera, Pion and kaon electromagnetic form factors, J. High Energy Phys. 03 (2002) 046 [hep-ph/0203049].

[10] J.F. Donoghue, B.R. Holstein and Y.C. Lin, The reaction γγ → π^0π^0 and chiral loops, Phys.

Rev. D 37 (1988) 2423.

[11] J. Bijnens and F. Cornet, Two pion production in photon-photon collisions, Nucl. Phys. B 296 (1988) 557.

– 13 –

[12] U. Bürgi, Charged pion pair production and pion polarizabilities to two loops, Nucl. Phys. B 479 (1996) 392.

[13] J. Schwinger, Particles, sources, and fields, Addison-Wesley 1973. [14] J. Gasser and H. Leutwyler, η → 3π to one loop, Nucl. Phys. B 250 (1985) 539. [15] G. Ecker and R. Unterdorfer, Four-pion production in e^+e^− annihilation, hep-ph/0203075;

to appear in Eur. Phys. J. C.

[16] J.H. Kühn, The tau lepton: particle physics in a nutshell, Nucl. Phys. 76 (Proc. Suppl.)

(1999) 21.

[17] CMD-2 collaboration, R.R. Akhmetshin et al., Cross section of the reaction e^+e^− → π^+π^−π^+π^− below 1 GeV at CMD-2, Phys. Lett. B 475 (2000) 190 [hep-ex/9912020].

[18] R. Unterdorfer, The generating functional of chiral SU(3) including nonleptonic weak interactions, in preparation.

[19] G. ’t Hooft and M.J.G. Veltman, Scalar one loop integrals, Nucl. Phys. B 153 (1979) 365. [20] G. Passarino and M.J.G. Veltman, One loop corrections for e^+e^− annihilation into μ^+μ^− in the weinberg model, Nucl. Phys. B 160 (1979) 151.

[21] B.A. Kniehl, Higgs phenomenology at one loop in the standard model, Phys. Rept. 240 (1994) 211.

– 14 –